Quantum Gravity Momentum Representation and 
Maximum Invariant Energy 



Perimeter Institute for Theoretical Physics, Waterloo, Ontario N2J2W9, 

Canada 



Department of Physics, University of Toronto, Toronto, Ontario M5S1A7, 

Canada 



We use the idea of the symmetry between the spacetime coordi- 
nates and the energy-momentum p 11 in quantum theory to con- 
struct a momentum space quantum gravity geometry with a metric 
s^ u and a curvature tensor P x iiup . For a closed maximally symmet- 
ric momentum space with a constant 3-curvature, the volume of the 
p-space admits a cutoff with an invariant maximum momentum a. 
A Wheeler-DeWitt-type wave equation is obtained in the momentum 
space representation. The vacuum energy density and the self-energy 
of a charged particle are shown to be finite, and modifications of the 
electromagnetic radiation density and the entropy density of a system 
of particles occur for high frequencies. 

e-mail: john.moffat@utoronto.ca 

1 Introduction 

The importance of the symmetry (reciprocity) between the spacetime coor- 
dinate operator x M and the momentum operator p M in quantum theory was 
pointed out by Born [lj. A free particle in quantum theory is described by a 
wave function 
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The wave function is completely symmetric in the two 4- vectors and p^. 
In a representation in Hilbert space of the operators x^ and p^ for which the 
x^ are diagonal, we have 

p" -> {h/i)d/dx^ (2) 

while for diagonal p M , we obtain 

-> (-h/i)d/dp». (3) 

A wave function in spacetime (a>space) can be Fourier transformed into an- 
other wave function in momentum space (p-space): 

00°) = J d 4 xil>(x) exp^p^a^ . (4) 

When we consider gravitational phenomena, we picture the universe de- 
scribed by a spacetime geometry with the line element 

ds 2 = g^dx^dx", (5) 

where g^ u is the metric tensor. In classical physics, the momentum is de- 
scribe by mdx^/dr where m is the test particle mass and r is the proper 
time, and the transformation laws for p M are determined by x M . However, 
when we attempt to derive a quantum gravity theory, the particle motion is 
not described by a geodesic, but by a wave function and a wave equation. 
Following Born, we postulate a p-space line element 

du 2 = s^dp^dp" (6) 

with the metric s^ u . 

In analogy with the classical x-space geometry, we define the inverse p- 
space metric tensor s^ u by 

s Xv s^ = 5\. (7) 
Moreover, we define a p-space curvature tensor 

dV aX dU 
dp^ dp* 



pl/ _ PL aX PL an j V j/3 JV j p , R x 

r aXfi — o ~ ^"T L an + ^ 0^ aX, [o) 



where L \ u is the p-space connection 
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We obtain from (jSJ) the Ricci tensor 

dL u \ dL u 

Pa\ = P U aXu = q -^—y- p\L P oa, + 1/ p^L 13 a \. (10) 

The p-space possesses a diffeomorphism invariance in that we can define 
the transformation for an arbitrary contravariant p- vector: 

A'" = -7^— — v4 Q , (11) 

and for a mixed p-space tensor such as A^ v \. 

1 dp' 11 dp a dp T 



vX 



dp p dp' 1 ' dp' : 



A*. (12) 



Our quantum gravity theory involving two quantum geometries, identified 
with the x-space and p-space geometries, leads naturally to two universal 
invariants, namely, the universal invariant value of the speed of light c and 
the invariant maximum momentum a (energy Em)- There have recently 
been interesting proposals to obtain two such universal constants, namely, 
'double special relativity' and the kinematical structure of extended special 
relativity, based on a Born-Infeld electrodynamics with a hyperbolic complex 
structure [21 E|. 

2 Relating Momentum Space Coordinates to 
Spacetime Coordinates 

In quantum mechanics and relativistic quantum field theory there is a linear 
relation between spacetime and momentum space through a Fourier trans- 
form of a wave function or a field operator in flat spacetime, = rj^, where 
r}fj, v = diag(+l, —1, —1, —1) is the flat spacetime metric. In the presence of a 
gravitational field, we lose this simple mapping between p-space and x-space. 

In quantum field theory, it is convenient to perform calculations, such 
as Feynman diagrams, in the p-space representation. For closed loop dia- 
grams these calculations are ultraviolet divergent, and in quantum gravity 
for expansions about flat space 

9^u = V^u + + 0(h 2 ), (13) 
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in which the p-space and x-space position coordinates are related by Fourier 
transforms, the theory is not renormalizable due to the dimensional nature 
of Newton's constant G. 

It seems unnatural to assume that position and momentum spaces are 
independent, because this would not lead to a simple flat spacetime limit of 
quantum theory or the gravitational theory based on the weak field expansion 
of the metric tensor about flat spacetime. 

We postulate that there exists a transformation T between x-space and 
p-space with the mapping 



0(p) = J d A xT[iP(x),x^], (14) 

where T is a matrix operator. The inverse transformation must also exist 

V>(x) = / d 4 pT[0(p),x%]. (15) 

We also postulate the mapping of the metric tensor operators 

g^(x) = J d 4 pT[s Mi ,(p),x%], (16) 

and its inverse mapping. In the flat x-space and p-space limits, g^ v = s^ u = 
7]^ V) we obtain the standard Fourier transform (jlj) and its inverse transfor- 
mation. 

We shall also postulate that for the transformations ()14|) and (|15|) there 
exists a transformation, U, between x-space and p-space such that for diag- 
onalized x^ in the Hilbert space of operators 



and for diagonalized x^: 



i dx^ 



^i't^)- (18) 



In the flat space limit these mappings reduce to the familiar ones (j2j) and 
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3 Momentum Space Action Principle and Field 
Equations 

We choose as our p-space action 

Sp = 1 kJ d 'P^ P + 2A J + 5 " ( 19 ) 

where P = s^ v P^ u is the p-space scalar curvature, s = Det(s /ll/ ), R is a 
constant and \ p and S c are the p-space equivalents of the x-space cosmological 
constant and matter action, respectively. 

The field equations obtained from the action are given by 

1 

Pfn/ ~^S[iuP ^pSfiv = p^K^vi (20) 

where K^ v is the p-space equivalent of the x-space energy-momentum stress 
tensor T^ v : 

< 2l > 

It satisfies the identities 

V pu K» v = 0. (22) 

Here, V pv denotes the covariant derivative with respect to the p- space con- 
nection L x fMU . 

The corresponding spacetime field equations are Einstein's equations 

Rfiu ~ ^g^vR ~ ^x9[tv = ^^T^ U) (23) 

where k = 8irG/c 4 , \ x denotes the x-space cosmological constant and T^ v 
satisfies the identities 

V w r = 0, (24) 
where V xv denotes the covariant derivative with respect to the metric g^ v . 

4 Flat Momentum Space and the Momentum 
Space Null Cone 

According to the quantum gravity reciprocity symmetry, we shall identify 
K 00 as the 'density' of spacetime curvature per p-space 3- volume V^ p y. 

K 00 = X(E,p), (25) 
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where X(E, p) denotes the spacetime curvature density as a function of the 
energy E and the 3-momentum p. When the p-space curvature P x ^ up = 0, 
then the p-space is 'flat' with the metric = 7]^ v and the line element 

du 2 = (^) 2 - (dpi + dp 2 2 + dp 2 3 ). (26) 

We can now define transformations between p-space coordinates Pi (i = 
1, 2, 3) and energy E as 

E' = ^i, (27) 
Pi-(%)e 

Pi = l W 2 , (28) 



1 

P2=P2, (29) 

Pa = Pa- (30) 

Here, w is the 'relative speed' of the primed and unprimed p-space frames. 
These transformations from the primed to the unprimed 'p-frames' leave 
the line element (|26| unchanged: du 2 = du 2 . For the p-space null cone 
determined by du 2 = 0, we obtain 

Hp- = c ' (31) 

where p — |p|. The transformations ()27 |1 -()30 |1 form the p-space homogeneous 
Lorentz group SO p (3, 1). 



5 Maximally Symmetric Momentum Space So- 
lution and a Maximum Invariant Momen- 
tum 

We shall now assume that the p-space geometry is homogeneous and that 
the tensor density K^ u is independent of the spatial momentum coordinates 
p l , and that it can only depend on the energy E. We further assume that 
the p-space is isotropic on the large scale distribution of p-space points. The 
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mathematical expression of this postulate is that the 3- dimensional p-space 
will be a space of constant curvature: 



P\iivp — Ci^sxyS^p s\pSp U ), (32) 

where C = constant. We apply this equation to the 3-dimensional subspace 
of the p-space, so we shall have 

Piklm = C '{SilSkm s im s kl)- (33) 

Contracting (J33|) with respect to s vm we get 

P kl = -2Cs kl . (34) 

For a 3-space, Eq.(|HH|) is equivalent to (J3IJ), so that the line element is spheri- 
cally symmetric and each of the 3-dimensional points can be taken as the ori- 
gin of the p-space coordinate system. The metric for constant 3-dimensional 
p-space curvature is 

da 2 p = llk dp l dp k = ^ + p\d X 2 + sin 2 X de), (35) 

i-c(S) 

where a is a constant invariant momentum and £ has the values +1, —1,0. 
For ( = +1 the p-space is a closed space of constant curvature. We shall 
choose ( = +1 so that there exists a maximum momentum a corresponding to 
a maximum invariant energy Em = ca. The line element f!35j) is the p-space 
equivalent of the Friedmann- Robert son- Walker line element in 3-dimensional 
x-space: 

dv^ 

da 2 x = + r\dd 2 + sin 2 fl# 2 ), (36) 

i-c S 



where r is a constant. 

The 3-volume of our p-space is given by 

-,2 



J d 3 Pv ^ = 4tt J dp -L= , (37) 



'1-5 

where 7 = Det(7^). This leads to the differential volume element 

p 2 dpd\di sin \ {QQ , 
dlL p = — . (38) 
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We can now introduce the p-space 4- velocity, = c 2 p^/E, 1 satisfying 
the condition 

s^vfw" = 1. (39) 
Let us consider a fluid description of the p-space source tensor 

= [X(E) + Z{E)}w»w v - Z(E)s^, (40) 

where X(E) denotes the density of spacetime curvature per p-space 3- volume 
V(3 P ) and Z(E) the elasticity of space. These quantities correspond recipro- 
cally to the energy density p and pressure p, respectively, in the x-space 
representation of the perfect fluid energy-momentum tensor 

T>» = (pc 2 + p)u»u v - pg^, (41) 

where = dx^/dr. 

We choose w^ 1 to satisfy the condition 

10" = (1,0, 0,0). (42) 

Then the 4-dimensional p-space metric line element has the form 

du >= (^EY _ B 2 (E)da 2 p , (43) 

where da 2 is given by (J55J) and B(E) is a scale factor that depends on the 
energy E. The volume of 4-dimensional p-space is given by 

[dW=-s = -[dEdp^2)£. (44) 



There are two other maximally symmetric solutions to the p-space field equa- 
tion, namely, the maximally symmetric de Sitter and anti-de Sitter solutions. 

We can also consider the spherically symmetric energy independent solu- 
tion of the p-space field equations (J20|) for K^ u = X p = 0: 

= 0. (45) 

The line element is given by 



du 2 = (^)'(l - ^) - j^j+Adx 2 + sinVa- (46) 



1 Thc Hamiltonian definition of the velocity is v = dE /dp. 
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Here, A is a constant of integration associated with the singularity at the 
origin of the p-space coordinates p = 0, corresponding to 2GM/c 2 in the 
Schwarzschild solution in x-space. The solution has the asymptotically flat 
p-space boundary condition — > rj^. We see that the line element exhibits 
a momentum space 'event horizon' at p — 2A, equivalent to the spacetime 
Schwarzschild black hole event horizon at r s = 2GM/c 2 . 



6 Uncertainty Principle for Spacetime and 
Momentum Space Metrics 

We shall postulate that our quantum gravity theory possesses an uncertainty 
principle for the x- and p-space metric operators g^ and s^: 

Ag^As pa > ^jC^pa, (47) 

where a denotes as before the maximum momentum, I denotes a miminum 
length and 

VupVua + VpaVup ~ VpvVpv (48) 

We then have the quantum commutation relation for the metric operators 

[&«/, vl = i —n C ^p<rK x ^P)- ( 49 ) 



7 Momentum Space Wave Equation 

We must obtain a wave equation for a particle to complete the p-space dy- 
namics. To this end, we derive a p-space Hamiltonian formulation of grav- 
ity . For our p-space compact manifold with boundary dM, we require 
that a variation of the metric Sp V vanishes on dM but its normal derivative 
does not. Then we must add a surface term and the action becomes 

S' P = S P + - f d'pJfF, (50) 

where F is the contraction of the extrinsic p-space curvature F^ of the bound- 
ary 3-surface, and / is Det(/y) induced on the 3-surface. 
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The p-space metric is now given by 



du 2 = 



WdE\ 



) ~ fa 



W 



(¥) 



+ dp i 



W j 



(¥) 



+ dp> 



(51) 



where W is the p-space lapse function and W l is the shift function. The 
extrinisic curvature is 



(52) 



where | denotes covariant derivative with respect to and denotes dif- 
ferentiation with respect to the energy E. 
The variable conjugate to is 



(53) 



where £ p is the Lagrangian density associated with the action S p . The Hamil- 
tonian for a closed p-space geometry is given by 



h p = J d 3 P (u ij f i:j + irwi + rw - £ p ) = | rf 3 P (vy^ p + w t n;) 



where 



2/C 

Here, P^ 3 ^ is the 3-curvature and 

1 



2k 



Qi 



(fikfjl ~l" filfjk fijfkl)- 



Ajkl 

We have two primary constraints 

n^ = o, ip = ^ = o. 

Because SH/SW = SH/SWi = 0, we have the secondary constraints 



(54) 



(55) 



(56) 



(57) 



H p = Hp = 0. 



(58) 
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We now define a p-space wave function and obtain the wave equa- 



tion 



Q 



ijkl 



5 5 



+ 



2k 



0. 



.(2RY5f ij 5f kl ' 2-k " "r™"" (59) 

where denotes matter fields. This is the p-space equivalent of the Wheeler- 
DeWitt equation in x-space The wave function associated with the 
Wheeler-DeWitt equation in x-space does not depend on the time t. Equiv- 
alently, for the reciprocity symmetry we have postulated, the wave function 
ty[fij,4>] does not depend on the energy E but only on the 3-geometry 
and the matter fields 0. Likewise, this means that the role of energy in the 
p-space geometry is unclear. 



8 Applications of Invariant Maximum Mo- 
mentum 

Let us consider an electromagnetic radiation field with a vector potential 
= (A, U) in a small localized region of spacetime, which is approximately 
flat g^ v ~ 7]^. Then, the Fourier series representations of the scalar and 
vector potentials U and A are 

u = c (tt-) Y,Qs(t)™s(e s ), (60) 

V V(3x) / s 

and 

/ 8tt X 1 / 2 ^ 

A = c( — ) 5>.(t)sin(e a ), (61) 
where V^) is the x-space 3-volume and 

6 s = ^(n s ,x)+^. (62) 

c 

Here, n s is a unit vector giving the direction of the standing wave and j3 s is 
a constant. 

In our quantum gravity momentum representation there is an upper limit 
to the momentum, p = a. We assume that in an approximately flat spacetime 
this remains true. This means that for a quantum system of independent 
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particles the increment number density of quantum states of weight / in a 
momentum element dQ p is, according to (|38|). given by PQ: 

* , = (fH = (f)i7^t- (63) 



Because of the square root there is a maximum number of allowed states in a 
quantum system. Thus, the total number density of quantum states is finite: 

»=(')[ *L^=(^)C*!^ = 'jg.. (64) 



Let us consider the zero-point energy associated with a system of oscilla- 
tors. For stationary states we have 

E r = Y.hv s {n s + \). (65) 

s ^ 

By using the formula ()64j) with / = 2, the zero-point vacuum energy is given 
by 

1 , c v- * 47TC / ,a " ^PP 3 



1 _ 21 

1 „2 



3 B,™„4 



(66) 

We see that the zero-point vacuum density of oscillators is finite, and its 
magnitude is determined by the momentum scale a v . 

The modified energy density of radiation takes the form 

8= [ 1/b duU(u,T). (67) 
Jo 



Here, we have 



U( V , T) = - (68) 

c 3 (exp(hv/kT) -1J(1- (ub) 2 ) 
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where p = hv /c and b = h/ac. Eq. fJfiTj) gives for b = 0(a = oo) the result 



8 = a B T 4 , (69) 

where a B = 7.56 x 10~ 15 erg cm -3 K~ A . Eq.(|69|) is the Stefan-Boltzmann law. 
We see that at very high momentum (frequency) p ~ a the Planck radiation 
density and the Stefan-Boltzmann law are modified by the magnitude of the 
maximum momentum a. Such a change at high frequencies could possibly 
be detected in the CMB Planck spectrum. 

For the entropy density of a system of particles with temperature T, we 
obtain 



-11, ,2 



(exp(hu / kT) 
By making the substitution y — bv this becomes 

lit \ f l dy J" f kT 

y 



hl/3 X 

^(exv(hv/kT) -1)1 (70) 



5 = r To^i (£) ini(i - ^- v 



+ 



(A) £ \. (71) 

V W [exp(hyfbkT) - 1] / 1 J 



The total entropy for a system of particles is finite. 

For the Coulomb energy associated with charged particles, we get 

/ h 2 \ 

E c = — — J2 ZkeiRkh (72) 

where is the charge of the kth particle and 

^/cos(e sfc )cos(e s/ )\ V i3x) f d 3 p 
R ki = l^[ ~ 2 = -rj 2 / t= cos(9 fc ) cos(e,). 



p\ i-5 



(73) 
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By taking the mean value of cos(Ofc) cos(6;) over all directions of propagation 
and phases, we find 



R 



ki 



71 



V {3x) \ f a f 1 d P d ^ c os(^7ipfir kl /h^ 



y f a dpsm(27Tpr kl /h) 



'(3s) 

h 2 r kl Jo 



(74) 



where r ki = r k — rj denotes the distance between the charges e k and e\. 
We introduce 

m = 2 -f *> (75) 

n Jo /(i _ y 2) y Jo 



where Jq(z) is the Bessel function. Substituting /(g) into (J?H) gives 

-f(2-\ (76) 
: V r a J 



7TV {3x) 1 



2h 2 r kl V r 
where 

r = — - (77) 

7TCL 

Inserting (|7H)l into (J72J) . we arrive at the modified Coulomb energy 0: 

£ c =^£— /^Y (78) 

We have /(g) — > 1 for g — > oo and /(g)/g — * 1 for g — > 0, so that we retain 
the classical Coulomb energy for r k i r and a finite self-energy of a charged 
particle for r — > 0: 

e 2 

£ c = -• (79) 
ro 

This result is similar to the regularization of Coulomb's law in Born-Infeld 
electrodynamics [6]. 

The result that a maximum momentum a leads to a regularization of 
Coulomb's law in electrodynamics, leads one to believe that a similar reg- 
ularization of the Schwarzschild singularity in the spacetime Schwarzschild 
solution of Einstein gravity could be realized in quantum gravity theory. 
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9 Conclusions 



We have proposed that the symmetry between the two vector operators p^ 
and in quantum theory is a fundamental property of nature, that should 
be exploited in a quantum gravity theory. Two metric tensor operators g^ u 
and s^ u associated, respectively, with the geometries of spacetime (x-space) 
and momentum space (p-space) are introduced with their respective pseudo- 
Riemannian geometries. Field equations for both geometries are postulated 
with the x-space equations being the Einstein field equations with an energy- 
momentum tensor density T^ v , while the p-space field equations are associ- 
ated with a tensor density K^ v , identified with the density of spacetime 
curvature reciprocal to the energy-momentum density in spacetime. The 
absence of spacetime curvature produces a flat p-space geometry. This sug- 
gests that the existence of a curved spacetime manifold is associated with a 
curvature of the momentum p-space. 

By assuming a closed, homogeneous and isotropic p-space geometry, we 
find that the volume of the space has a maximum invariant momentum (en- 
ergy) a (Em), which leads to a finite statistical number density of quantum 
states. This is in contrast to the spacetime volume, which for cosmological 
scales can be open and infinite. Thus, the quantum gravity momentum space 
geometry leads to a natural invariant, ultraviolet cutoff, Em, for all particle 
interactions in a closed particle system. We apply this result to the calcula- 
tion of the vacuum density p vac giving a finite value. We also find that the 
self-energy of a charged particle is regularized. 

The quantum gravity theory proposed leads to an uncertainty principle 
for the two reciprocal metric tensor operators g^ u and s^, involving the 
maximum momentum a and a mimimum length I. The momentum repre- 
sentation geometry lends itself best to describing microscopic particle physics 
and quantum gravity, while the spacetime representation geometry describes 
the macroscopic properties of the universe. Both representation geometries 
complement one another and describe the quantum and large scale properties 
of the universe. 

For a compact p-space the x-space at short distances will be discrete and 
described by a lattice structure with a minimum length £, which we can 
identify with the Planck length £ = £ph, where £pi = ^JhG/c 3 . 2 In order 

2 A discrete lattice structure of spacetime has been promoted as a basis for quantum 
gravity 
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to preserve local Lorentz symmetry, the discrete spacetime corresponds to a 
noncommutative geometry jHj. For long wave-length gravity using our space- 
time metric g^, we must assume a limit exists that gives us the macroscopic 
continuum for distances much greater than Ipl. 
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